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SU(m|n) supersymmetric Calogero-Sutherland model
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In this work, we study a continuous quantum system of a mixture of bosons and
fermions with the supersymmetry SU(m|n). The particles are confined in a harmonic
well and interact with each other through the 1/r2 interaction. The ground state
wavefunction is constructed explicitly for the most general SU(m|n) case, with the
ground state energy given explicitly. The full energy spectrum of excitations in the
SU(m|n) model is also equal spaced. In the limiting case where there are no bosons
in the system, our results reduce to those obtained previously.
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There have been considerable recent interests in study of the Calogero-Sutherland models
[1,2], as well as their various generalizations. One of the examples is the multi-component
generalization of the CS model. For the SU(n) fermionic particles confined in a harmonic
oscillator potential and interacting with each other through the 1/r2 interaction, the ground
state wavefunction was constructed explicitly, and the ground state energy was found in pre-
vious work [6]. The excitation of the fermionic system was found to be equal spaced [3–6,8].
On the other hand, the system consisting of bosons with SU(n) spins has been studied for
the pairwise interaction λ(λ+P σij)/x
2
ij in presence of harmonic potential confinement, where
P σij permutes the spins of the bosons.
In the following, we will investigate the ground state wavefunction of the the most general
supersymmetric SU(m|n) multi-component CS model confined in a harmonic potential.
In this case, the system consists of a mixture of bosons and fermions. The ground state
wavefunction for this supersymmetric case has been unknown by far. In this work, we provide
the ground state wavefunction, and compute its eigenenergy explicitly in the subspace where
the number of particles of each flavor is fixed. In the limiting case where there are only
fermions in the system, our results reduce to those obtained by previous authors.
We consider a one-dimensional quantum system of Q interacting particles confined in a
harmonic potential of frequency ω. The hamiltonian under consideration reads
H = −1
2
Q∑
i=1
∂2
∂q2i
+
ω2
2
Q∑
i=1
q2i +
∑
j>i
λ(λ− Yij)
(qi − qj)2 (1)
where q1, . . . , qQ are the coordinates of the particles and Yij is the operator that exchanges
the positions of particles i and j. The real constant λ is supposed to be greater than 1/2.
This hamiltonian is exactly the one considered in [6] for a system of only fermions.
We now specify to the case where we have M fermions and N bosons (M + N = Q)
with SU(m|n) spin degrees of freedom. We denote x1, . . . , xM the positions of the
fermions, y1, . . . , yN the positions of the bosons, σ1, . . . , σM the spins of the fermions
and τ1, . . . , τN the spins of the bosons. We also use the notation that (q1, q2, · · · , qQ) =
(x1, · · · , xM |y1, y2, · · · , yN). With these notations, the hamiltonian Eq. (1) is made of three
2
parts
H = HF +HB +HM (2)
where
HF = −1
2
M∑
i=1
∂2
∂x2i
+
ω2
2
M∑
i=1
x2i +
∑
j>i
λ(λ− Yij)
(xi − xj)2
HB = −1
2
N∑
α=1
∂2
∂y2α
+
ω2
2
N∑
α=1
y2α +
∑
β>α
λ(λ− Yαβ)
(yα − yβ)2
HM =
∑
i,α
λ(λ− Yiα)
(xi − yα)2 . (3)
HF (HB) is the hamiltonian for a system of M (N) interacting fermions (bosons). HM
represents the interaction between the fermions and the bosons.
We now wish to find the ground state wavefunction of the hamiltonian. For this, we
propose a wavefunction which is a product of three terms
Ψ(x1, σ1; . . . ; xM , σM |y1, τ1; . . . ; yN , τN) = ΨF (x1, σ1, . . . , xM , σM) ·ΨB(y1, . . . , yN)
·ΨM(x1, . . . , xM , y1, . . . , yN) (4)
where
ΨF (x1, σ1; . . . ; xM , σM) =
∏
j>i
|xj − xi|λ(xj − xi)δσiσj exp
(
i
pi
2
sgn(σi − σj)
)∏
i
exp
(
−ω
2
x2i
)
ΨB(y1, . . . , yN) =
∏
β>α
|yβ − yα|λ
∏
α
exp
(
−ω
2
y2α
)
ΨM(x1, . . . , xM , y1, . . . , yN) =
∏
i,α
|xi − yα|λ. (5)
Let us first remark that this wavefunction has the correct symmetry: MijΨ = −Ψ for
the fermions and MαβΨ = Ψ for the bosons, where M is the operator that exchanges the
particles. We can also remark that the spin of the bosons does not enter this wavefunction.
Let us now prove that the proposed wavefunction Eq. (4) is an eigenstate of the hamil-
tonian. The wavefunction ΨF is the ground state of the system with only fermions found in
[6]. We thus have
3
HFΨF =
ω
2
[
λM(M − 1) +
m∑
k=1
M2k
]
ΨF (6)
where Mk is the number of fermions with spin k. The wavefunction ΨB is the ground state
of the system with only bosons. It is easy to check that
HBΨB =
ω
2
[λN(N − 1) +N ] ΨB. (7)
With this, one can show that
1
Ψ
(HF +HB)Ψ =
ω
2
[
λ{M(M − 1) +N(N − 1) + 2MN} +
m∑
k=1
M2k +N
]
−∑
i,α
λ(λ− 1)
(xi − yα)2 −
∑
α,i 6=j
λδσiσj
(xi − xj)(xi − yα) . (8)
To apply the interaction part on the wavefunction, we first compute the effect of Yiα
YiαΨ
Ψ
=
∏
j 6=i
(
xj − yα
xj − xi
)δσiσj
=
∏
j 6=i
(
1 + δσiσj
xi − yα
xj − xi
)
. (9)
Thus
1
Ψ

∑
i,α
λ(λ−Kiα)
(xi − yα)2 Ψ

 =∑
i,α
λ2
(xi − yα)2 −
∑
i,α
λ
(xi − yα)2
∏
j 6=i
(
1 + δσiσj
xi − yα
xj − xi
)
(10)
We can expand the second term in power of xi − yα. The terms of order greater than 1 are
zero as will be proved in the following. Using this result, we have
1
Ψ

∑
i,α
λ(λ−Kiα)
(xi − yα)2 Ψ

 =∑
i,α
λ(λ− 1)
(xi − yα)2 −
∑
α,i 6=j
λδσiσj
(xi − yα)(xj − xi) . (11)
These terms cancel with the fermionic and bosonic inconstant terms in Eq. (8) to give the
following ground state energy:
EG =
1
2
ω
[
λ{M(M − 1) +N(N − 1) + 2MN} +
m∑
k=1
M2k +N
]
. (12)
We have now to prove that the terms of order greater than 1 of the second term of
Eq. (10) are zero. For this, let us consider a term of order s. We have s + 1 particles with
the same spin with coordinates i, k1, . . . , ks. Let us now show that if we sum over all the
permutations i↔ kj with j = 1, . . . , s while keeping α fixed we get a zero contribution:
4
− λ ∑
{i,k1,...,ks}
(xi − yα)s−2
s∏
j=i
1
xkj − xi
= 0. (13)
For this, following [6], we expand the term (xi− yα)s−2 and express the product in terms of
Vandermonde determinant
s∏
j=i
1
xkj − xi
= (−1)s V
(s)(xk1 , . . . , xks)
V (s+1)(xk1 , . . . , xks, xi)
(14)
to get
−λ ∑
{i,k1,...,ks}
(xi − yα)s−2
s∏
j=i
1
xkj − xi
= −λ ∑
{i,k1,...,ks}
s−2∑
t=0

 s− 2
t

xti(−1)s−2−tys−2−tα (−1)s V
(s)(xk1 , . . . , xks)
V (s+1)(xk1 , . . . , xks , xi)
= −λ
s−2∑
t=0

 s− 2
t

 (−1)s−2−tys−2−tα (−1)s W
(s,t)(xj1, . . . , xjs, xi)
V (s+1)(xk1, . . . , xks, xi)
(15)
where
W (s,t)(xj1, . . . , xjs, xi) = det


1 1 . . . 1 1
xj1 xj2 . . . xjs xi
...
...
...
...
xs−1j1 x
s−1
j2
. . . xs−1js x
s−1
i
xtj1 x
t
j2
. . . xtjs x
t
i


. (16)
We can now conclude, remarking that since 0 ≤ t ≤ s − 2 two rows of the det W are the
same and thus the whole expression is zero. We have thus proved that the wavefunction
Eq. (4) is an eigenstate of the hamiltonian Eq. (1) with the energy Eq. (12) in the case of a
mixture of fermions and bosons with SU(m|n) spin symmetry.
We anticipate this wavefunction to be the ground state of the system in the supersym-
metric case. First of all, without bosons, our wavefunction will reduce to the ground state
wavefunction for the multi-component fermionic system studied before [6]. Second, when
both M and N are nonzero, it is impossible to construct lower energy eigenstates by using
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the lowering operators, in the same way as for the non-uniform supersymmetric t-J model
[4,7]. There are M + N lowering operators, ai, i = 1, 2 · · · , Q [5]. In fact, we have checked
explicitly the following relations:
(
M∑
i=1
ai)|Ψ >= 0, (
M∑
i=1
aiσ
z
i )|Ψ >= 0,
(
Q∑
i=M+1
ai)|Ψ >= 0, (
Q∑
i=M+1
aiτ
z
i−M)|Ψ >= 0, (17)
where Ψ is the wavefunction that we constructed here for the supersymmetric system. These
two evidences support our conclusion that the wavefunction we have constructed for the
supersymmetric SU(m|n) case is indeed the ground state in the subspace where the number
of particles of each flavor is fixed.
Having studied the ground state wavefunction, we can now in fact construct a set of
non-trivial excited states. These states are obtained by multiplying the ground state wave-
function by a symmetrical product F of Hermite polynomials. Without bosons, the following
excited states will reduce to those obtained before [6]. Our wavefunctions take the form of
Φ = Ψ · F = Ψ · ∑
m1,...,mQ
m1+...+mQ=I
Q∏
i=1
1
mi!
Hmi(
√
ωqi) (18)
where Ψ is the ground state given by Eq.(4) and themi are positive integers whose sum is the
quantum number I. To prove that this wave functon is an eigenfunction of our hamiltonian,
we simply use the fact that Ψ is the ground state to get the following eigenequation
HΦ
Φ
= EG + ωI − 1
F
M∑
i,j=1
i>j
λ+ δσiσj
qi − qj (
∂F
∂qi
− ∂F
∂qj
)− 1
F
Q∑
i,j=M+1
i>j
λ
qi − qj (
∂F
∂qi
− ∂F
∂qj
)
− 1
F
M∑
i=1
Q∑
j=M+1
λ
qi − qj (
∂F
∂qi
− ∂F
∂qj
). (19)
The three last terms are zero since we have
∂F
∂qi
=
∂F
∂qj
(20)
for all i and j. The corresponding energy spectrum is thus equal spaced and given by
6
E = EG + ωI. (21)
These wavefunctions of excited states are not the full set of excited states of the system.
However, these states have already spanned the full energy levels for the system, with I =
0, 1, 2, · · · ,+∞.
In summary, we have considered the supersymmetric long range model confined in a
harmonic potential. The ground state wavefunction and the ground state energy have been
provided by us. We have also constructed a set of non-trivial excited states of Jastrow form.
In the limit case of no bosons, our results reduce to those obtained previously for the SU(n)
fermionic gas confined in harmonic potential. For the supersymmetric model studied here,
the system still has lowering and raising operators, and the full energy spectrum of this
system is also equal spaced. In fact, assuming that the degeneracy of each energy level is
the same as if there were no interaction between the particles, one can further construct the
thermodynamics of the system very easily.
This work was supported in part by the Swiss National Science Foundation.
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